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In Einstein gravity, for an inhomogeneous phantom energy distribution having linear equation 
of state (but anisotropic), there exists simple exact solution for spherically symmetric space time 
describing a wormhole. At infinity, the space time is not asymptotically fiat and possesses a regular 
cosmological Killing horizon with an infinite area. In this work, we have shown that, this wormhole 
solution is also possible in brane world for various matter distribution, which are not necessarily 
phantom in nature. 
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Wormholes are usually defined as smooth bridges 
between different universes or topological handles 
(i.e, throats, having no horizons) between remote 
parts of a single universe. Earlier, wormholes are 
purely of theoretical curiosity [1, 2], but recently this 
theoretical aspect has gained significant importance 
due to the present accelerating phase of our universe 
[3, 4]. There is a nice similarity between this theoreti- 
cal phenomenon and the recent observational aspects. 
A traversable wormhole is supported by so called 
exotic matter with a negative pressure (p < 0) and 
violation of the null energy condition (i.e, p + p < 0) 
at least in a neighbourhood of the wormhole throat 
[5]. On the other hand, the observed acceleration of 
the universe is due to a hypothetical dark energy, 
violating the strong energy condition (i.e, p + Sp < 0). 
A useful choice of dark energy is the phantom energy 
[6] having equation of state, p ~ —t^p, lo > 1 (thereby 
violates null energy condition). However, there is 
one basic difference between the above two issues — 
in static wormhole, the matter distribution depends 
on the spatial coordinates while in cosmology, the 
matter density, pressure, are usually functions of 
temporal coordinates. 

In recent years wormholes have been discussed 
in brane world scenario, an interesting concept in 
which, our universe is a 3-brane embedded in a 
five dimensional bulk [7, 8, 9]. Bronnikov and Kim 
[10] have obtained a class of static and spherically 
symmetric solutions in vacuum brane and bulk Weyl 
effects support the wormhole. Very recently, Lobo 
[11] has given a general formulation for brane world 
wormholes and has presented two possible wormhole 
configurations with dust and perfect fluid having 
linear equation of state, as the brane matter. 



brane scenario for various matter distribution in the 
brane and they are not necessarily violating the null 
energy conditions. 

In Schwarzschild coordinates, the spherically sym- 
metric metric describes that, traversable wormhole 
can be cast in the form [13, 14] 



„2$ 



dr^ 



1 - 



b(r) 



''dn-2 



(1) 



where $(r) is called the redshift function and 6(r) 
stands for the shape function. In an orthonormal ref- 
erence frame, the non vanishing components of the 
Einstein field equations are 
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in which p{r) is the energy density, Prir) is the ra- 
dial pressure and pt{r) is the lateral pressure. The 
conservation of the stress-energy tensor gives 



Here we shall show that, wormhole supported by 
phantom energy, as described by Zaslavskii [12], can 
be considered as a possible wormhole solution in 



P'r ^ -{Pt - Pr) ~ {P + Pr)'^' 



(5) 



Let us suppose that our matter source is described 
by the phantom energy with equation of state [14] 
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Pr = —LOip and pt = UJ2P; wi > 1 (6) 
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Then Zaslavskii [12] has obtained a simple solution 
with the choice ijJ-2. = "^^^ > as 



b = ro + d{r-ro), e = -, P=-^: 
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where ro (throat radius) and ri are arbitrary con- 
stants and d = < 1. Note that as 6'(ro) = d < 1, so 
flaring of the throat is satisfied. Further, if we demand 
as usual UJ2 < 1, then ui is restricted by the inequality 

1 < wi < 5 

The proper radial distance is related to the shape 
function by 



The other correction term e^j^ denotes the nonlocal 

bulk effects and is the projection of the five dimen- 
sional Weyl tensor on the brane, i.e, 



with ej^ = (traceless). 



(11) 



Due to static and spherically symmetric nature of 
the wormhole metric (1), we consider an isotropic fluid 
on the brane, i.e, 



Ti^„ = diag{p,p,p,p) 



(12) 



where p(r) is the energy density and p{r) is the 
isotropic pressure. As a result, the nonlocal bulk ef- 
fects contribute in the form of an eflPective anisotropic 
fluid as 




where '±' signs stand for upper and lower part 
of the wormhole or universe. The metric (1) is not 
asymptotically flat for the solution (7), rather it can 
be glued to the external Schwarzschild solution at 
some finite radial distance. 



e^^ = diag [e{r),ar{r),at{r),at{r)] (13) 

Thus the generalized Einstein equation (9) on the 
brane for the metric (1) with matter distribution given 
by (12) and (13), is the modified version of the equa- 
tions (2)-(4), where the left hand sides viz. p, pr and 
Pt are replaced by p^-^^ (r), p^-^^ (r) and p^^^ (r) respec- 
tively i.e, (choosing SwG = 1) 



In Randall-Simdrum typc-II brane model [8], the 
generalized Einstein equation on the brane has the ^ / 1 ^ i rf>' ^ 

form [9, 15 and for review see 16] 



(l-^) ^'-^=pff{r) 



G^,i, = K^Tf,^ + — n^i/ 9iJ.u- Shu (9) 
with A = i(A5 -l-K^A). 

Here A and A5 arc respectively the cosmological 
constants on the brane and bulk and A is the brane 
tension (vacuum energy). The matter confined to the 
brane is described by the energy-momentum tensor 
Tfj_i, (such that Tab = 0) and the correction term 
H^i, (the local effects of the bulk arising from the 
brane extrinsic curvature) which is quadratic in T^i,, 
has the expression 

(10) 

with T = T,^. 




Now if we claim that the solution (7) is also the so- 
lution of equations (14)-(16) (with matter components 
replaced by their effective components), then we must 

have 
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(i + p\ + eL - ^ = 1 
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(18) 
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Also the tracefree nature of e'^ gives 



— e + ar + 2at = 



(20) 



Hence we have four algebraic equations (17)-(20) 
containing five unknowns viz. p, p, e, ar and at- In 
the following, we shall present exact solutions for 
various assumptions: 



Case-I: 



at=0 



The complete solution is 
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ar = 



The explicit solution reads 
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Case-IV: 



p = (dust) 



> 



The solution is given by 
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Then from equations (11) and (12), we must have 

d = 5 i.e, LUi = 1/5 and uj2 ~ 

So the effective pressure on the brane becomes 
isotropic and we have got three equations viz. 
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Case-Ill: 



e = 



Here the solution becomes 
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with four unknowns p, p, e and a. Let us assume the 
equation of state for brane matter as p = ivp. Then 
we have the solution 
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Further, for conformally flat bulk, e^^, = i.e, 
e = (Tr = ft = 0, and we have 
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with 
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> 



(29) 



In the present work, we have shown that a worm- 
hole in Einstein gravity can be considered also as a 
wormhole in brane scenario. Here we have shown 
that the wormhole solution is possible for various 
matter distribution on the brane. It is interesting to 
note that, although the effective matter distribution 
violates the null energy condition, but the brane 
matter itself does not violate the null energy condition 
[11] in general. Except for Case-II (i.e, cr,. =0), in all 
other cases, the matter distribution obeys null energy 
condition. However, Case-II is a peculiar one as 
energy density is negative here. One may interprete 
such matter as ghost scalar field [17] or tachyonic 
matter field on the brane. In cases IV and V, where 



matter in the brane is of the form of dust or a perfect 
fluid with linear equation of state, the solutions 
obtained are similar to those presented by Lobo [11] 
[see eqns. (33)-(36) and (42)]. In solution (24), both 
the signs are possible as explicitly discussed in [11]. 
the solution (28) is valid for w < 1/3 (otherwise p will 
be negative), but if uj is associated to the phantom 
era (a; < —1/3), then we have positive energy density 
only for the negative sign within the square bracket. 
Therefore, instead of solving the complicated non 
linear second order differential equation to obtain 
wormhole solution, we have assumed the solution 
and obtained the possible matter distribution on the 
brane. For future work, we shall extend this idea for 
various cosmological solutions on the brane. 
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